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Abstract

Experimenters sometimes wish to estimate for a particular dependent

variable the proportion of total group variance that is associated with

mean differences among fixed treatments or subject classifications;

Hays (1981) represents this proportion by the parameter w2 . A point:

estimate may be'easily computed as a function of the number of treatments;

the total sample size; and the mean squares between and within treatments.

This paper presents tables which facilitate 'the construction of 90 or 95

percent confidence intervals for w2 .



Introduction

'Suppose a researcher has employed analysis of variance techniques

to test the equality of treatment population means and hay rejected

this hypothesiE. It is often of interest, as Hays states (1981, page

349), "to judge the extent to which the experimental treatments actually

are accounting for variance_in the dependent variable." Hayr proposes

the parateter w2 to describe. the population proportion of variance

associated with the treatments:

tN(P. =
j

2

In this expression p
j j
is the mean for population , p = En.p /N ,

n
i

is the size of the sample under treatment j , N = End k is the

numberoftreatments,andayis the variance of the dependent variable

4
for all treatment populations combined.

(1)

_An estimate of i2 Inc/ be derived from consideration of the expected

valuesofthemeansquaresfortreatinents (MSA-) and within treatments

_(MSw). These expected values are

E[MSA] = a2 + Eni(Pi U) 2 /k =1

and
E[ms] =

where a2 is the variance of the dependent variable I/ within all treat-

ment populations. Thus, an unbiased estimate of the numerator of w2 is

- MSw)



The denominator of W 2 may be represented

and may be estimated by

74-

k=11
IJ

0 2

7 MST4

1,0

The ratio of these estimates may be taken as an estimate of w 2
. Thus

(2)

This expression is algebraically equivalent to that-kiVen by Hays (1981,

page 349).

Hays describes this statistic as a "rough sample estimate" of w2 ,

implying that it is susceptible to a considerable degree to sampling

error. The purpose of this paper is to present tables which will facil-

itate the computation of confidence intervals for w
2

. To those who

find the point estimate of the proportion of variance a useful index,

upper and lower limits on w2 should be valuable supplemental, statistics.

Interval Estimation of 1,32

To obtain a .90% or 95%'confidence interval for w2 we first relate

this index to the non-centrality parameter associated with the F test of

a fixed-effects analysis of variance. This parameter is usually

cJ



represented and defined as

3

, 02/62

Where a2 is the expectation of the mean square within treatments. A

(3)

common alternative definition Of the non - centrality parameter, popular-
.

ized by the PearSon4Hartley power function charts (1951), is

2 62/k

2
The parameter w2 may be phrased as a function of or.

E(n./N)(11, =
w2 = T---

6

N 62

41q).6.1_. 11)(nj

1-0.2

N it42

2

En,(p3 . - p)2/a

N - 02102.

(4)

(5)

If AISR is used to symbolize the mean square ratio msA/mssi i point estimates

of cp
2 and w2 are as follows:

(V1MSR - I)

N + k$2

(k--1) (MSI. -

N + (k-1) (MSR -= 1)

The latter expression is equivalent to that previously preen.ted as

equation (2).
,

Interval estimates of cr , derived from the non-central F distri-

(6)

bution, are presented in Tables 1-8. (The derivation is described in a



later section.) Tables 1-4 assume a confidence coefficient of-90 for

-
an interval bounded at bOth ends and .95 for an interval boundedat one

end only. Tables 5-8 assume a coefficient of .95 for an interval

bounded at both ends and .975 for an interval bounded at one end only.

Upper and lower liMita for 42 , when substituted into (6), deliver upper

And lower limits on W 2
.

Except for the fact that the confidence intervals are presented in

tabular rather than graphical form, the present tables are analogous to

the Clopper/Pearson (1934) nomographs for proportions. The appropriate

table is entered with the sample statisticin this case with the mean

square ratio (MSR)- -and the limits for 2 are obtained directly or by

simple linear interpolation. Each table is specific to a given number of

treatments and a given confidence coefficient (y) . Within each table

e
the limits are presented for selected values of the MSR between 2.0 and

100.0, with = 20, 40, 60, 120, or 240. Linear interpolation between

these integral values of MSR and between the reciprocals of v2 involves

relatively little error (Laubscher, 1965).

The selected values ca. v2 were chosen because they span the range

that commonly occurs in .experimental studies. The limits that apply when

2
240 are very

v2 = 400, and the

3.2 and 11.1. If

close to those. for V2 = 240. For example; if vi = 4;

mean square ratio equals 9.0, the 90% limits on 4)2 are

v2-is taken equal to 240, the limits read from Table 4

are 3.2 and 11.2. Thus, if the values for v2 = 240 are used, even though

a higher value of v2 actually holds, the resultant interval will have a



;slightly higher confidence coefficient than the nominal value of .90 or

.95.

Mustration

A study was made of the means and variability of undergraduate

course grades awarded in five collegeS of the University of Iowa: Busi-

ness Administration, Education, Engineering, NnrSing; and Pharmacy; A

random sample of 5% of the fall semester grades awarded in each college

was drawn; with the restriction that no student contributed more than

one grade. The numbers of casesi'means, and variances were as follows:

n M S2

Business 298 2.484 1.116

Education 137 3.235 .743

Engineering 80 2.777 1.196

Nursing 56 3.051 .734

Pharmacy 49 2.560. .818

Total Sample 620 2.745 1.083

The analysis of variance yielded. MSA = 15.049 (df = 4) , MSts, = .994

(df = 615), and MSR = 15.14, which is statistically significant at the

5% level.

The point estimate of w 2 , via equation (6), is

/.22
(51 ) (15.14_- 1).

- _
.0836

620 4- (5-1)(15.14=-1)



r -

Thus, we estimate that approximately 8.4% of the variance of grades

awarded in these five pre-professional colleges cbmbined arises from

differences among the means for the five colleges.

To place a 95% confidence interval around this estimate, we use
_ .

Table 8 to obtain limits on 02.and substitute these limits in equation

(6). For illustrative purposes, we take v 2 equal to 240 rather than 615.

Interpolation between MSR values of 15 and 16 yields a lower limit for 02

of 5.984; interpolation. for the upper limit of 02 Melds a value of

18.754. The limits on us' then become

w2
5(5.984)w = .046

L 620 + 5(5.984)

__5(18,754)
.131

620 + 5(18.754)

Derivation of the Limits

FOr any given combination of v 1 ,

2
and the observed mean. square

ratio (MSR), the limits on 0
2 are the values which render the following

probability Statements correct. if the interval is to have a confidence

coefficient of y ,
the upper limit (02) is a value such that

> MSR I =1 4 I
P Ou

2.

are r is a non-central F variable. The lower limit (4q) is a value

such that

P[
(I)L

> MSR I =
1 4 y

2
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For example, if v
1
= 3, v

2
120, and MSR'==. 20.0, the upper limit of the

90% confidence interval is a value of 02 for which P[F".
i,120, (Pu_ .

20.0]

= .95. The lower limit is the value of e that' satisfies the condition

P[F3,120 > 20.0] = .05.
, 01,

Unlike the analogous problem of obtaining limits on population means

and proportions, the Founds for 02 cannot be stated aS a simple function

f sample statistics. The inverse function which determines the values

of /2 that render the foregoing probability statements true is not readi-

ly derived. It is poSSible, however, to approximate andand 0T2, by an;

iterative procedure. This approach is probably best explained by its

application to a specific example.

Consider the preceding illustrati n in which

P[F/ 20.0] = .95
3,120,

>

> 20.0] = .05
PEF43,120, 0L

'
The first statement poses the problem: Which non=central F distribution

has the value 20.0 for its fifth percentile? The Second statement asks:

Which non-central F distribution has 20.0 for items ninety-fifth percentile?

A Satisfactory_solution to these prOlems may be obtained via the Tiku

1

(1965) three - moment approximation of the non-central.F distribution.

This technique yields accurate estimates of P5 and P95 for a given com-

bination of Vi; v2 and e ; By taking 1,)1 = 3, V- 120, and (1,2 = 0.0,
2

0.1, 0.2, 0.3; . 60.0, it is possible to identify with suitable
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precision the non-central distribution !for which P
5
= 20.0 and the

distribution for which,-P95 = 20.0. The/crucial values of 432 in this
.

particular case are as follows:

.

432

.

P-
5

P
95/

(

8.1 19.75

8.2 19.93

8.73 20.12

. .

22.2 19.84

22.3 19.95

! 22.4 20.05

i _.

,

I

/ ,

By interpolation, it may be deduced. that P = 20-.00 when e = 8.24;
\ 95

I

1

P5 = 20.00 when 4 = 22.35. These values, then, constitute the 90% confi-

dence interval for e\when MSR = 2000. This example is portrayed pictori-

allYin'Figure 1.
i

Repetition of this basic process for vi =1,'2, 3, and/ 4, v2 20, 40,
\

60, 120, and 240; and 4, 2 = 0.0, 0.1,, i 60.0 yielded 90%j and 95% COnfi-.

dence intervals for 4, . A variety of checks, based on Renikoff and

Lieberman's Tables' of the Non-Central t-Distribution. (1957), theiftarson-

Hartley power function charts (1951), and values summarized or computed

by Tiku (1965) confirm the accuracy of the intervals within + 0.1.-

The Tiku approximation involves the determination of a central F



Fi3 1

9

20 MSR

Figure 1. Non-Central F Distributions for Which P-
5

and 1195\ = 20.0
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Variable which, when subjected to a linear transformation, results in

variable with the same first three moments:.as a given non-central F

In effect, the distribution of non-central e- is approximated
1 vl, 2' 4'

by (h)F..;. - c . The constants h i T)-- and c are functions of
vl,

and 02 . The selected percentiles of F.-v . are determined through
2' v ,

l 2

the use of the inverse of-_ the incomplete beta function and then trans-

formed, to the comparable percentiles of F'
1, .V 2P 4)

Tikd (1965) has shown that this approach provides a very accurate

approximation to the non-central F . This was confirmed in .the present

study except for P2.5 and P
5
when

1 2
is near zero and vl < 3.° These

lower end percentiles were graphically approximated, using the fact.that

non-central percentiles approach central.F percentiles as 0 approaches

Except for these Values, all cOmputations,Dincluding evaluationzero.

of the inverse beta function integral,-were performed via the IMSL pro -
\

gram of G.M. Roe (1969) on the Prime computer.

It may be observed that when the mean square ratio is fairly 1 r

say greater than 30.0, relationship of the limit§ to the MSR is pract

cany.linear. The cruder approXimation of Patnaik (1949).sheda some

light on this phenomenon. The Patnaik two- moment approximation. of the

non-central F is

k0
where v1 equals

+

vi v1,

v-
1

+ 2102
When the value of 10--it-large, relative



to vi, vl becomes quite large==greaner than .5k02 + ,7 v1 . But the

extreme percentiles of F- do not change rapidly as ti increases

1, 2

beyond 50. For example; the ninety-fifth percentiles of F6©; &20'60,120' 120,120'

are 1.43, 1.35 and 1.32, respectively. eHad these values been
and F200,120

absolutely constant, .95
F' would be a precisely linear function of 02

namely,

.
2)1 l 2

5 v -, 0 =
1 /2

1
.95 FT) v

Because the extreme percentiles. of F' are almost linearly reIated.to 02 ,

the limits on 02 are almost linearly related to the MSR. This property

makes it possible to use - linear' interpolation within Tables 1-8 to

approximate with negligible:error the limits corresponding to any value'

of MSR less than 100.

Sununary

Tables are presented which facilitate'the determination of confidence

.intervals for 0
2 the'noh-centrality parateter of the F distribution

arising from a fixed-effects analysts of Vailahte. The tables are entered

With the observed value of the mean ratiO; the degrees of freedom

fOt -.etror;=anii the desired confidence coefficient (.90 or .95). With

these limits on 02 one may construct corifidehte intervals for Hay's param-

:;--

2
et er w the.proportion of dependent variable variance associated with
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the treatments The intervals were obtained_by theuse of Tiku's three-
.

parameter approximation of the noncentral F diStribution.
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Table I. -90% Confidence Interval for 02 -- Two Treatments

MSR
2
= 20 :)

2
=

Lower .Upper Lower

1

2

3

4
5

6

9

I@

5.8
6.8
7.8

11 1.0 13.2
12 1.2 14.1
13 1.4 14.9
14 1.6 15.7
15 1.8 16.6

0.1

0.3
0.4
0.6
0.8
1 0

1.2
1.4
1.7
1.9
2.1

16 2.0 17.4 2.4
17 2.3 18.2 2.6

18 2.5 19.1 2.9

19 2.7 19.9 3.2
20 2.9 -20.7 3.4

21 3.2 21.5 3.7
22 3.4 22.4 4.0
23 3.6 23.2 4.2
24 3.9 24.0 4.5
25 4.1 24.8 4.8

26 4.3 25.6 5.1
27 4.6 26.4 5.4
28 4.8 27.2 5.6

29 5.1 28.0 5.9
30 5.3 28.8 6.2

32 5.8 30.5 6.8

34, 6.3 32.1 7.4

36 6.8 33.7 8.0

38 7.3 35.3 8.6
40 7.8 36.9 9.2

42 8.3 38.5 9.8
44 8.8 40.E 10.4
46 9.3 41.7 11.0
48 9.9 43.3 11.6
50 10.4 44.8 12.2

75 16.9 64.6 20.1
100 23.6 84.4 28.1

40

Upper
2

=

Lower

60

Upper

v2 = 120

tower .Upper

v2 = 240

. Lower -Upper

4.5
5.7

4.4
5.6

4.4
5.6

6.8 6.7 6.7 0.1

7.7 0.1 7.6 0.1 7.6 0;2

8.6 0.3 8.5 0.3 8.5 0.3 8.4

9.5 0.5 9.4 0.5 9.3 0.5 9.3

10.3 0.7 10.2 0.7 10.1 0.7 10.1

11.1 0.9 11.0 0.9 In 0.9 10.9

11.9 1.1 11.8 1.1 11.7 1.1 11.6

12.8 1.3 12.6 1.3 12.5 1.4 12.4
13.6 1.5 13.4 1.6 13.2 1.6 13.1

14.4 1.7 14,2- 1.8 14.0 1.9 13.9

15'. 2 2.0 14.9 2.1 14.7 2.2 14.6

16.0 2.3 15.7 2.4 15.5 2.4 15.3

16.7 2.5 16.5 2.6 16.2 2.7 16.1

17.5 2.8 17.2 2.9 16.9 3.0 16.8

18.2 3.1 17.9 3.2 17.7 3.3 17.5
19.0 3.3 18.7 3.5 18.4 3.6 18.2
19.8 3.6 19;4 3.8 19.1 3.9 .18.9

20.5 3.9 20.2 4.1 19.8 4.2 19.6
21.3 4.2 20.9 4.4 20.5 4.5 20.3

22.0 4.5 21.6 4.7 21:2 4.8 21.0

22.8 4.8 22.3 5.0 21.9 5.2 21.6

23.5 5.1 23.1 5.3 22.6 5.5 22.3

24.3 5.4 23.8 5.7 23.3 5.8 23.0

25.0 5.7 24.5 6.0 24.0 6.1 23.7

25.7 6.0 25.2 6.3 24.6 6.5 24.4

26.5 6.3 25.9 6.6 25.3 6.8 25.0

27.2 6.6 26.6 6:9 26.0 7.1 25.7

28.7 7.2 28.0 7.6 27.4 7.8 27.0

30.1 7.8 29.4 8.3 28.7 8.5 28.3

31.6 8.4 30.8 8.9 30.1 9.2 29.6

33.0 9.1 32.2 9.6 314 9.9 30.9

34.5 9.7 33.6 10.3 32.7 10.6 32.2

35.9 10.3 35.0 11.0 34.0 11.3 33.5

37.4 11.0 36.4 11.7 35.4 12.1 34.8

38.,8 11.6 37.8 12.4 36.7 12.8 36.1

40.3 12.3 39.2 13.1 38.0 13.5 37.4
41.7 13.0 40.5 13.8 39.3 14.2 38.7

59.5 21.4 57.5 22.9 55.4 23.7 54.3

77.2 30.0 74.4 322' 71.4 33 5. 69 7

I 7"



MSR

4.

8
9

10

11

12
13
14

15

16

17

18
19
20

21

'22

23
24

25

26-
27

28
29

30

32
34:
36
38 .

40

42
44

46
48
50

75
1011

15

Table 2. 90% Confidence Interval for --- Three Treatments

Vt_

V

Lower

° 20
2'

40
.

Upper-Lower-Upper

v
2

Lower

60

Upper'
2

Lower

120

Upper

v- 240
2

Lower Upper

4.1 4.1 4.0 4.0 4.0

5.4 5.3 5.3 5.2 5.2

0.1 6.6 0.2 6.5 0.2 6.4 0.2 6.3 0;3 6.3

0.3 7.8 .0.4 7.6 0.5 7.5 0.5 7.4 0;5 7.3

0.,6 9.0 _ 0.7 8.6 0.8 8.5 0.8 8.4 0.8 8.4

0. 10.1 1.0 9.7 1.1 9.6 1.1 9.4 1.2 9.4

1.1 11.2 1.3 10.7 1.4 10.6 1.5 10.4 1.6 10.3

1.4 12.3 1.7 11.8 1.8 11.6 1.9 11.4 1.9 \ 11.3

1.7 13.4 2.0 12.8 2.1 12.6 2.3 12.3 2.3 12.2

2.0\ 14.5 2.4 13.8 2.5 13.5 2.7 13.3 2,7 13.1

2.3\ 15.6 2.7 14.8 2.9 14.5 3.1 14.2 3.2 14.0

2.6 \ 16.7 3.1 15.8-- 3.3 15.5 3.5 15.1 3.6 14.9

2.9 7.8 3.5 16.8 3.7 16.4 3.9 16.0 4.0 15.8

3.3 1 9 3.9 17.8 .4.1 17.4 4.3 17.0 4.5 16.7

3.6 19.9 4.2. 18.7 4.5 18.3 4.8 17.9 4.9 17.6

3.9 21.0 4.6 -'19.7 4.9 19.3 5.2 18.8 5.4 18.5

4.2 22.1 5.0 20.7 5.3 20.2 5,7 19.7 5.9 ;19.4

4.6 23.2 5.4 21.7 5.8 21.1 6.1 20.6 6.3 20.3

4.9 24.2 5.8 22.6 6.2 22.0 6.6 21.4 6.8 21.1

5.2 25.3 6.2 23.6 6.6 23.0 7.0 22.3 7.3 22.0

5.6 26.4 6;6 24.5 7,0 23.9 7.5 23.2 7.7 22.8

5.9 27.4 7.0 25.5 7.5 24.8 8.0 24.1 8.2 23.7

6.3 28.5 7.4 26.5 7.9 25.7 8.4 25.0 8.7 24.5

6.6 29.5 7.8 27.4 8.3 26.6 8.9 25.8 9.2 25.4

7.0 30,6 8.3 28;4 8.9 27.6 9.4 .. 26.7 9.7 26.2

7.3 31.7 8.7 29.3 , 9;.. 28.5 9.8 27;6 10.2 27.1

7.6 32,7 9.1 30.3 9.7 29.4 10.3 28;4 10.7 27.9

8.0 33.8 9.5 31;3 10;1 30;3 10.8 29.3 11.2 28.8

8;3 34.8 9.9 32.2 10:6 31;2 11.3 30;2 11;7 29;6

9.0 36.9 10.8 34.1 11.5 33;0 12.2 31:9 12.7 31.3'

9;7 39;1 .11.6 36.0 12.4 34.8 13,2 33..6 13.7 32;9

10.4 41;2 12.4 37;9 .13,3 36.6. 14.2 35.3 14.7 34.6

11.1 43.3 13.3. 39.8 14,2. 38.5 15;2 37;0 15.8 ::. 36.2

11.9 45;4' 14;1 41.7 15.1 40.3 16.2 38.7 16.8 37.9

12.6 47.5 15.0 43.6 16.0 42.1 17.2 40.,4 17.8 39.5

13.3 49.6 15.8 45.4 16.9 43.8 18:2 42.1 18.9 41.2

14.0 51.7 16.7 47.3 17.8 45.6 19.2 43.8 19.9 42.8

14.7 53.8 17.6 49.2 18.8 47.4. 20.2 45.5, 21.0 44.4

15.4 55.9 18.4 51.1 19.7 49.2 21.2 47.2 22.0 46.0

24.3 82.2 29.2 74.5 31.4 71.5 33.9 68.1 35.4 66.2

13.3 108.5 40.2 48.0 43.2 93.8 46.8 89.0 49.1 86.2
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Table 3. 90% Confidence Interval for 0 -- Four Treatments

MSR
2

AoWerilner
?P

60 120
2

Lower Upper--Lower -Upper- ----LeWie-Upput-

- v
2

-Lower

240

Upper

1-
-2 -' 3.7 3.6 3.6 3.6 3.6

3 5.1 0. 4.9 0.1 .4.9 0.1 4.8 4.8

4 0.2 6.4 O. 6.2 0.4 6.1 0.4 6.0 0.4 6.0

5 0.5 7.7 0.7 7.4 0.7 7.3 0.8 .
7.1 0.8 7.1

6 0.8 '9.0 1.0 8.5 1.1 8.4 1.2 8.2 1.3 8.2

7 1.2 10.2 1.4 9.7 1.5 , 9.5 1.6 9.3 1.7 \s9.2

8 1.5 11.4 1.8/ 10.8 2.0 10.6 2.1 10.4 2.2 10.2

9 1.9 12.7 2.3' 11.9 2.4 11.7 2.6 11.4 2.7 11.3

10 2.2 13.9 2.7 13.0 2.9 12.7 3.1 12:4 3.3 12.3_
\\

11 . 2.6 15.1 3.1 14.1 3.1 13.8 3.5 13.5 3.7 13.3 *

12 3.0 16.3 3.6 15.2 3.8 14.9 4.0 14.5 4.2 14.3

13 3.3 17.5 4.0 16.3 4.3 15.9 4.5 15.5 4.7 15.2

14 3.7 18.7 4.4 17.4 4.7 17.0 5.1 16.5 5.2 16.2

15 4.1 19.9 4.9 18.5 5.2 18.0 5.6 17.5 5.8 17.2

16 4.5 21.1 5.4 19.6 5.7 190 6.1 18.4 6.3 18.1

17 4.9 22.3 5.8 20.7 6.2 20.1 6.6 19.4 6.9 19.11

18 5.3 23.5 6.3 6.7 21.1 7.2 20.4 7.4 20.0

19 '5.6 24.7
..21.7

6.7 / 22.8 7.2 22.1 7.7 21.4 8.0 21.0

20 6.0 25.9 7.2( 23.9- 7.7 23.1 8.2 22.4 8.5 21.9

21 6.4 27.1 7.7, 25.0 8.2 24.2 8.8 23.3 9.1 22.9
,

22 6.8 28.2 8.2 26.0 8.7 25.2 9.3 24.3 9.7 23.8

23 7..2 29.4 8.6 27.1 9.2 26.2 9.9 25.3 10.2 24.7

24 7.6 30.6 9.1 28.2 9.7 27.2 10.4 26.2 10.8 25:7

25 8.0 31.8 9:6 29.2 10.2 28.2 11.0 27.2 11.4 26.6

/

26 8.4 33.0 10.1 30.3 10.7 29.2 11.5 28.1 12.0 27.5

27 8.8 34.2 10.5 31.3 11.3 30.3' 12.1 29.1 12.6 28.5

28 9.2 35.4 11.0 32.4 11.8 31.3 12.6 30.0 13.0. 29.4

29 9.6 36.5 11.5 33.5 12.3 , 32.3 13.2 31.0 13.7 30.3

30 10.0 37.7 12.0 34.5 12.8 33.3 13.8 31.9 14.3 31.2

32.: 10.8 40.1 12.9 36.6 13.8 35.3 14.9 33.8 15.5 33.0

34 11.6 42.5 13.9 38.7 14.9 37.3 16.0 35.7 16.7 34.9

36 12.4 44.8 14.9 40.9 15.9. 39.3 N 17.2 37.6 17.9 36.7

38 13.2 47.2 15.8 43.0 17.0 41.3 18.3 39.5 19.1 38.5

40- 14.0 49.6 16.8 45.1 18.0 43.3 19.4 41-.4 20.3 40.3

42 14.8 51.9 17.8 47.2 19.1 45.3 20.6 ;.43.3 -21.5 42.1 .

44 15,6 54.3 18.8 49.3 20.1 47.3 21.7. 45.2 22.7 43.9

46 16.4 56.6 19.7 51.4 21.2 49.3 , 22.9 47.0 23.9 45.7

48 17.2 59.0 20.7 53.5 22.2 51.3 24.0 48.9 25.1 i47.5

50 18.0 61:3 21.7 55.6 23.3 53.3 25.2 50.8 26.3 /49.3
I

75 28.1 90.9 34.0 81.9 36.6 78.3 39.8 * 74.1 41.7 ,71.6

100 38.3 120.4' 46.3 108.2 50.0 103.2 54.5 97.4 57.4 94.0
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Table 4. 90% Confidence InterVal for -- Five Treatments

v
2

= 20 v- = 40 v2= 60 .v
2

120 v
2

240
MSR Lower Upper Lower Upper Lower Upper Lower. Upper Lower Upper

3

4 0.3
5. 0.7

6 1.0
7 1.4
8 1.8
'9. 2.2
10 2.6

11 3.0
12 3.4
13 3.8
14 4.2
15 4.6

16 5.1
17 5.5
18 5.9
19 6.3
20 6.7

21' 7.2
22 7.6
23 8.0
24 .8.4

25 8.9

26 9.3

28
27 9.7

10.1
29i 10.6

30\ 11.0

32
I

II.9,.

34 12.7

38 14.4
36 13.6

40 15.3

42 16.2
44 17.0
46 17.9
48 18.7
50 19.6

75 0.4-
100

3.5 3.4 3.3 3.3 3.3
4.9 0.1 4.7 - 0.2 4.6 0.2 4.6 0.2 4.5
6.3 0.5 6.0 0.5 5.9 0.6 5.8 0.6 5.7
7.6 0.9 7.2 0.9 7.1. 1.0 6.9 1.1 6.9

8.9 1.3 8.4 1.4 8.2 1.5 8.1' 1.6 8.0
10.2 1.7 9.6 1.9 - 5.4 2.0 9.2 i 2.1 9.1
11.5 2.2 10.8 2.4 10.5 2.5 10.3 2.6 10.1
12.8 2.7 12.0 2.9 11.7 3:1' 11.3 3.2 .11.2

14.1 3.1 13.1 3.4 12.8 3.6 12.4 3.7 12:2

15.4 3.6... 14.3 3.9 13.9 4.1 13.5 4.3 13.3
16.7 4.1 15..4 4.4 15.0 4.7 14.5 4.9 14.3
17.9 4.6 16.6 4.9 16.1 5.3 15.6 S.S. 15.3
19.2 5.1 17.7 5.4 17.2 5.8 16.6 6.1 16.3
20.5 5.6 18.9 5.0 18.3 6.4 17.7 6.7 17.3

21.8 6.1 20.0 6:5 19.4 7.0 18.7 7.3 18.3
23.0 6.6 21.2 7.0 20.5 7.6 19.7 7.9 19.3
24.3 7.1 22.3 7.6 21.6 8.2 20.8 8.5 :0.3
25.5 7.6 23.4 8.1 .22.6 8.7 21.8 9.1 ',.1.3

26.8 8.1 24.6. 8.7 23.7 9.3 22.8 9.7 22.3

28.1 8.6 25.7 . 9.2 24.8 9.9 23.8 10.3 23.3
29.3 9.1 26.8 9.8 25.9 10.5 24.8 11.0 24:3
30.6 9:6 28.0 10.3 27.0 II.I 25.8 11.6 25.3
31.9 10.2 '29,1 10.9 28.0 11.7 26.9 12.2 26.2

'33.1 10.7 30.2 11.4 29.1 12.3' 27.9 12.8 27.2

34.4 11.2 31.4 12.0 30.2 12.9 28.9 13.5 28.2
35.7
36.9

11.7
12.2

32.5
33.6

12.6
13.1

31.3
32e3-

13.5
14.1

29.9
30.9

14.1
14.7

29.1
30.1

38.2 , 12.7 34.7 13.7 33.4 14.8 31.9 15.4 31.1
39.4 13.3 35.9 14.2 34.5 15:4 32.9 16.0 32.0

,42.0 14.3 38.1 15.3 36.6 16.6 34.9 17.3 34.0
44.5 15.3 40.4 16:5 38.7 17.8 36.9 18.6 35.9
47.0 16.4 42.6 , 17.6 40.9 19.0 38.9' 19.9 37.8
49:5 17.4 44.8 18.7 43.0 20.3 40.9 21.2 39.7
52.0 18.,5 47.1 19.8 45.1 21.5 42.9 22.5 41.6

54.5 19.5 49.3 21.0 47.2 22.8 44.9 23.8 .43.5
57.1 20.6 51.6 22.1. 49.4 24.0 46.9 25.1 45.4
59.6 21.6 53.8 23.2 51.5 25.2 48.9 26.4 47.3
62.1 22.7, 56.0 24.4 53.6 26.5 50.8 27.7 49.2
64.6 '23.8 S8.3 25.5 55.7 27.7 52.8 29 1 51.1

96.1 36.9 86.2 39.8 82.3 43.4 77.6 4 .7 74.7
127.6 50.1. 114.3 54.1 108.7 59:2 102.6 6 .3 98.9

2u
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Table 5. 95% ConfiCience Interval for 0 -- Two Treatments

MSR Lower

m 20

Upper

vi = 40

-Lawe -Upper-

v
2

m 601'

Lower Upper

v2 = 120

Lower Upper

v2 =240 .

Lower Upper

_

2 5.9 5.9 , 5.9 5.9 5.9

3 7.1 7.0. 7.0 7.0 7.0

4 8.2 8.1 8.0 8.0 8.0

5 9.3 9.1 9.0 9.0 8.9

6 10.3 0.1 10.1 0.1 10.0 0.1- 9.9 0.1 9.9

7 0.3. 12.3 0.2 11.0 0.2 10.9. 10.8 0.2..' 10.7

8 0.2 12.3 0.3 11.9 0.3 11.8 0.4 11.7 0.4 - 11.6

'9 0.3 17.J.2 0.4 12.8 0.5 12.7 0.5 12.5 0.5 12.4

10 0.5 14.2 0.6 13.7 0.6 13.5 0.7 13.4 "0.7 ' 13.3

11 0.6 15.1 0.7 14.6! 018 14.4; 0.9 14.2 0.9 14.1

12 0.7 16.1 0.9 15.4 1.0 15.2 1.1 15.0 1.1 -14.9

13 '0.9 17.0 1.1 16.3 1.2 16.0 1.3 15.8 :1.3 15.7

14 1.0 17.9 ,, 1.3 17:1 1.4 16.9 , 1.5 16.6, 1.5 16.6

15 1.2 18.8 ' 1.5 18.0 1.6 17.7 1.7 17.4 1.8 "17.2,

,..
.

16 1.4 19.7 1.7 18.8 1.8 18.5 1%9 18.1 2.0 18.0

17 1.5 20.6 1.9 , 19.6 2.0 19.3 2.2 18.9 23 18.7

18 1.7 21.5 2.1/ 20.4 2.3 20.1 2.4 19.7 2.5 19.5

19 1.9 22.4 2.3 21.3 2.5 20.8 2.7 20.4 2.8 20.2

20 2.1 23.3 276 22.1 2.7 21.6 2.9 21.2 3.1 21.0

21 2.3 24.2 /2.8 22.9 3.0 22.4 3.2 21.9 3.3 21.7

22 2.5. 25.1 3.0 23.7 . 3.2 23.2 3.5 22.7 3.6 22.4

23 2.7 26.0 / 3.3 24.5 3.5 24.0 3.7 .23.4 3.9 23.1

24 2.9 26.9 .3.5 25.3 3.7 24.7 4.0 24.1 4.2 23.9

25 3.1 27.8 3.7 26.1 4.0 25.5 4.3 24.9 4.5 24.6

26 3.3 28.7 4.0 26.9 4.3 26.2 ,4.6 25.6 4.8 25:3

'22 3.5 29.6 4.2 27.7 4.5 27.0 4.9 -26.3 5.1 26.0

2'S 3.7 30.4 4.5 28.5 4.8 278 5.2 27.1 5.4 26.7

29 3.9 31.3 4.7 29.2 5.1 28.5 5.5 27.8 5.7 27.4

30 4.1 32.2 5.0 30.0 5.3 29.3 5.7 28.5 6.0 28.1

32 4.5 33.9 5.5 31.6 5.9 30;8 6.3 29.9 6.6 29.5

34 .4.9 35.7 6.0 33.2 6.5 .- 32.3 6.9 31.3 7.2 30.9

36 5.3 37.4 6.5 '34.7 7.0 33.7 7.6 32.7 7.8 32.2

38 5.8 39.2 7.1 36.3 7.6 35.2 8.2 34.1 8.5 33.6

40 6.2 40.9 7.6 37.8 8.2 36.7 8.8. 35.6 9.2 35.0

42 6.6 42.7 8.1 39.4 8.8 38.2 9.4 36.9 9.8 36.3

44 7.1- 44.4 8.7 40.9 9.3 39.6 10.1 38.3 10.5 37.6

46 7.5 46.1 9.2 42.4 9.9 41.1 10.7 39.7 11.2 39.0

48 8.0 47.9 9.8 -'44.0 10.5 42.6 11.4 1.1 11.8 40.3

50 8.4 49.6 10.3 45.5 11.1 44.0 12.0 42.5 12.5 41.6

75 14.1 7],.2 17.5 64.5 18.9 62.0 20.5 59.3 21.4 57.9

100 19.9 92.8 24.8 83.5 26.8 79.9 29.3 76.1 30.7 74.0
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Table 6. .95% Confidence Interval for 02 -- Three.Treatments

MSR
.

V
2

- 20

Lower Upper

V-
2
= 40

Lower Upper

v-
2

=

Lower

60

Upper

V-
2

=

lmwer

120

Upper

, 'v- = 240
.2

Lower -Uppier

2 5.0 4:9 4.9 4.9 - 4.9

3 6.4 . 6.3 6.2 6.1 6.1

,4 7.8 -7.5 7.4 7.3 7.3

5 0.1 9.0 0.2 8:7 0.2 8.6 : 0:2 - 8.5 , 0.3 8.4

6 0:3 10.3' 0.4 0.4 9.7 0.5 9.6 0.5 9.5

7 0.5 11.5 0.6 11.0 '0.7 10.8 0.8 10..6 0.8 10.3

8 0.7 12.8 0.9 12.1 1.0 11.9. 1.1 11.7 1.1 11.6

9 0.9 14.0 1.2 13.2 - 1.3 13.0 1.4 12.7 1.4 12.6.

10 1.1 15.2 1.5 14.3 1.6 14.0 1.7 13.7 , 1.8 13.6

11 1.4 16.4 1.9 15.4 1.9 15.1 2.1 14,7 2.1 14.5

`12 1.6 17.6 2.1 16.5 2.2 16.1 2.4 15.7 2.5 15.5

13 1.9 18.7. 2.4 17.5 2.6 17:1 2.8 16.7 2.9 16.5

14 2.2 19.9 2.7 18.6 2.9 18.1 3.2 17.7 3.3 17.4

15 2.4 21:1 3.1 19.6 3.3 19.1 3.6 18.6 3.7 18.3

16 2.7 22.3 3.4 20.7 3.7 20.1 4.0 19.6 4.1 19.3

17 3.0 23.4 3.7 21.7 4.0 21.1 4.4 20.5 4.5 20.2,

18 3.3 24.6 4.1 22.8 4.4 22.1 , 4.8 21.5 5.0 21.1
19 3.6 25.8 4.4 23.8 4.8 23.1 5.2 22.4 5.4 22.0

20 3.9 26.9' 4.8 24.8 5.2 24.1 5.6 23.3, 5.8 22:9

21 4.1 28.1 5.1 25.9 5.6 25.1 6.0 24.3 6.3 23.8

22 4.4 29.2 5.5 26.9 5.9 26.1 6.4 25.2 6.7 24.7

23 4.7 30.4 5.9 27.9 6.3 27.0 6.9 26.1 7.2 25.6

24 5.0 31.6 6.2 28.9 6.7 28.0 7.3 27.0 7.6 26.5

25 5.3 32.7 6.6 30.0 . 7.1 29.0 7.7 27.9 8.1 27.4

26 5.6 33.9 7.0 31.0 7.5 29.9 8.2 28.8 8.5 28.3

27 5.9 35.0 7.3 32.0 7.9 30.; 8.6 29.8 9.0 29.1

28 6.2 36.2 7.7 33.0 8.3 31.9 9.1 30.7 9.5 30.0

29 6.5 37.3 8.1 34.0 8.8 32.8 9.5 31.6 9.9 30.9

30 6.8 38.5 8.5 35.1 9.-2 33.8 9.9 32.5 10.4 31.8 1

1

32 7.4 _40.8 9.2 37.1 10.0 35.7 10.8 34.3 11.3 33.5

34 8.0 43.1 10.0 39.1 10.8 37.6. 11:8 36.1 12.3 35.2

36 ' 8.6 45.4 10.8 41.1 11.6 39.5 12.7 37.8 13.3 37.0

38 9.3 47.7 11.5 43.1 12.5 41.4 13.6 39.6 14.2 38.7

40 9.9 49.9 12.3 45.1 13.3 43.3 14.5 41.4 15.2 40.4

42 10.5 52.2 13.1 47.1 14.2 45.2 15.5 43.2 16.2 42.1

44 11.1 54.5 13.9 49.2 15.0 47.1 16.4 44.9 17.2 43.8

46 11.7 56.8 14.6 51.2 15.9 49.0 17.3 46.7 18.2 45.5

48 12.4- 59.1 15.4 53:2 16.7 50.9 18.3 48:5 19.2 47.1

.50 13.0 61.4 16.2 55.2 17.6 52.8 19.2 50.2 20.2 48.8

75 - 20.8 90.0 26.1 80.2 28.4 76.3 31.3 72.1 33.0 69.6

100 28.8 118.6 36.1 105.2 39.5 99.9 43.6 93,9 . 46.1 90.5
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Table 7. 95% Confidence InterVal for 02.-- Four Treatments

MSR

= 40v2.= 20 v

Lower Upper ------Lowe--Upper

v
2
= 60

Lower Upper

V-
2
= 120

Lower Upper

v2 = 240

Lower-- -Upper-

1

2 4.5 4.4 4:3 4.3 4.3

3 6:0 5.8 5.7 5.6 5.6-

4 0.1 7.5 0.1 7.1 0.2 7.0 0.2 6.9 0.2 6.8

5 0:3 -d.8 0.4 8.4 0.5 8.2 0:5 8.1 0.5 8,0

6 0:5 10.2 0.7 9.6 0:8 . 9:4 049 _9.2 0.9 9.1

7 0.8 11:5 1;0 10.9 1.1 10.6 1;2 10:4 1:3 10.2 .

8 1.0 12.9 1.4 12:1 1;5 11.8 1:6 11.5 1.7 11.3

9 1.3 14:2 1.7 13.3 1.9 12.9 2:0 12.6 2;1- 12-.4

10 1.6 15.5 2:1 14.5 2.3 14.1 2.5 13.7 2.6 13:5

11 1:9 16;9 2.5 15.6 2.7 15.2' .249 14;7 3;0 14.5

12 2.2 18.2 2.9 16.8 3.1 16.3 3.4 15.8 3.5 15.5

13 2.6 19;5- 3;2 18.0 3.5 17:4 3.8 16.9 4.0 16.6

14 2.9 20.8 3;6 19.1 4.0 .18.5 4.3 17.9 4;5 17.6

15 3.2 .22.1 4.1 20.3 444 19:6 4:8 18.9 5.0 18.6

16 3.5 23.4 4:5 21.4 4.8 20.7 5.3 20.0 5.5 19.6'

17 3.9 24.7 .4.9 22.6 5.3 21.8 5:7 21.0 6.0 20.6

18 4.2 26.0 5.3 23.7 5.7 22.9 6.2 22.0 6:5 21:6

19 4.6 27.3 5.7 24.9 6.2 24.0 6.7 23.1 7.0. 22.6

20 4:9 28:6 6.1 26.0 6.6 25.1 7:2 24.1 7.6 23.5

21 5.2 29.9 6 :6 27.2 7.1 26:2 7.7 25.1 8.1 24.5

22 5.6 31.2 7.0 28.3 7.6 27.2 8.3 26.1 8:6 25.5

23 5.9 32.5 7.4 29.4 8.0 28.3 8.8 27.1 9.2 26.5

24 6.3 33.8 7.8 30.6 8.5 29.4 9:3: 28:1 9.7 27.4

25 6.6 35.1 8:3 31:7 9.0 30.5 9.8 `29.1 10.3 28.4

26 7.0 36.3 8.7 32.8 9.5 31.5 10.3 10.8 29.4

27 7.3 37.6 9.1 34:0 9.9 32.6 10.8 31.1 11.4 30.3

28 . 7.6 38.9 9.6 35.1 10.4 33.7 11.4 32.1 11.9 31.3

29 8.0 A0.2 10:0 36:2 10.9 34.7 11.9 33.1 12.5 32.2

30 8.3 41.5 10.5 37.4 11:4 35.8 12.4 34.1 13.0 33.2

32 9.0 44.1 11:3 39.6 12:3 37.9 13.5 36.1 14.1 35:1

34 947 46.6 12.2 41.9 13.3 40:0 14:5 38.1 15.3 37.0

36 10.4 49.2 13:1 44.1 14.2 42.2 15.6 40:0 16.4 38.9

38 11.1 51.8 14.0 46.4 15:2 44:3 16.7 42.0 17.6 40.7

40 11.9 54.4 14.9 48;6 16.2. -_46.4 17.8 43:9 18.7 42.6

42 12:6 56.9 15.8 50.8 17.2 48:5 18.9 45.9- 19.9 44.5

44 13.3 55:5 16.7 53.1 18.1 50.6 19.9 47.9 21.0 46.3

46 14.0 58.1 17.6 55:3 19.1 52.7 21.0 49.9 22.2 48.2

48 14:7 60.6 18.5 57.6 20.1 54.8 22:1 51.8 23.3 50.1

50 15.4 63.2 19:3 59.8 21.1 56.9 23.2 53.7 24.5 51:9

75 24.3 99.3 30.6 ;87.8 33.5 '83.3 37.1 78.0 39.3 75.0

100 33.3 131.5 42.0 115:8 46.0 109.6 51.1 102.3 54:4 98:0
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Table 8. 95% Confidence Insterval for Q.Z -- Five Treattents

MSR
v-

Lower

= 20 v
2

. 40 v2 =

Upper. -, -LoWer Up-per- .Lower-

v
2
. 120 v

2
= 240

1

2 4.1 4.0 3.9 3.9 3.9

3 5.7 5.4 5.3 5.2 5.2

4 0.1 7.2 0.2 6.8 0.3 6.7 0.4 6.5 0.4 6.5

5 0.4 8.6 0.6 -, 8.1 0.6 7.9 0.7 7.8 0.8 7.7

6 0.7. 10.1 0.9 9.4 1.0 9.2 1.1 9.0 1.2 8.8

7 1.0 11.5 1.3 10.7 1.4 10.4 1.6 10.1 1.7 10.0

8 1.3 12.9 1.7 12.0 1.9 11.6 2.0 11.3- 2.1 11.1

9
10

1.6'

2.0
14.3
15.7

2.1
, 2.5

13.2
14.5_

2.3
2.8

12.8
144

2.5
3.0

12.4
13.5

2.6
3.2

12.2
13.3

11 2.3 17.1 3.0 15.7 3.2 15.2 3.5 14.6. 3.7 14.4

12 2.7 18.5 3.4 16.9 3.7 16.4 4.0 15.8 4.2 15.5

13 3.0 19.9 3.8 18.2 4.2 17.5 4.6 16.9, 4.8 16.5

14

15
3.4
3:7

21.3
22-.7 '-',

4.3
4.7

19.4
20.6

4.7
5.1

18.7
19.8

5.1
5.6

18.0
19.0

5.3
5.9

1,7.6
18.6

16 4.1 24.0 5.2 21.8 5.6 21.0 6.2 20.1 6.5 19.7

17 4.5 25.4 5.6 23.0 6.1 22.1 6.7 21.2 7.0 20.7

18 .4.8 26.8 6.1 24.2 6.6 23.3 7.2, 22.3 7.6 21.7

19 5.2 28.2 6.6 25.5 7.1 24.4 7.8 23.3 8.2 22.8

20 5.6 29.5 7.0 26.7 7.6 25.6 8.4 24.4 8.8 23.8

21 5.9- 30.9 7.5 27.9 8.1 26.7 8.9 25.5 9.4 24.8

22 6.3 32.3 7.9 29.1 8.6 27.9 9.5 26.5 9.9 .25.8

23 6.7 33.7 8.4 30.3 9.2 29.0 10.0 27.6 10.5 26.8

24 7.0 35.0 8.9 31.5 9.7 30.1 10.6 28.6 11.1 27.8

25 7.4 36.4 9.4 31,7 10.2 31.3 11.2 29.7 11.7 28.9

26 7.8 37.8 9.8 33.9 10.7 32.4 , 11.7 30.8 .12.3 29.9

27 8.2 39.2 10.3 35.1 11.2 33.5 12.3 31.8 13.0 30.9

28 8.5 40.5 10.8 36.3 11.7 34.6 12.9 32.9 13.6* 31.9

29 8.9 41.9 11.2 37.5 12.2 35.8 13.5 33.9 14.2 .32.9

30 9.3 43.3 11.7 38.7 12.8 36T9: 14.0 34.9 14.8 33.9

t

32 10.0 46.0 12.7 41.1 13.8 3 .2 15.2 37.0 16.0- 35.9

34 10.8 48.8 13.6 43.5 14.9 4 .4 16.4 39.1 17.2 37.9

36 11.6 '51.5 14.6 45.8 15.9 3.7 17.5 41.2 18.5 39.8

38 12.3 54.2' 15.5 48.2 '17.0 5.9 18.7 43.3 19.7 41.8

40 13.1 57.0 16.5 50.6 18.0 48.1 19.9 45.3 21.0 43.8

42 .13.8 59.8 17.4 53.0
-55.4-

19.1 5014 21.0 47.4 22.2 45.7

44 14:6 -62 -6 , -18.4 20. 52.6 22.2 49.5 23.5 47.7

46 15.3 65.4 19.4 57.8 21 54.9 23.4 51.6 24.7 49.7 .

48 _16.1 68.2 20.3 60.2 22/.2 57.1, 24.6 53.6 26.0 51.6'

50 16.9 71.0. 21.3 62.6 23.3 59.3 25.8 55.7 27;3 53.6

.,75

100
26.4
36.0

104.9
'139.2

33.4.
45.6

92:3
122.1

= 36.6
/

/ 50.0
87.3

115.3
40.7
55.8

81.4
107.2

43.3
59.5

78.0
102.4


